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An Analytical Solution to the Batch-grinding Equation

PR ORI M R

Yoji Nakajima Tatsue Tanaka

Abstract

The authors understand that the significance of the comminution kinetics consists in
the application of the basic knowledge and theory of grinding mechanisms to the design of
milling equipments or circuits, and not in the computer simulation of a given grinding
system, For this purpose, some analytical solutions to the batch grinding equation are much
more convenient than numerical solutions. A few analytical solutions have been seeked by
assuming the selection and the breakage functions, but the solutions have defects in applica-
bility or in theoretical background. In the present paper, another type of analytical solution
is derived by assuming reasonable forms of the breakage and the selection functions. The
solution is readily calculable by a small digital c‘omputer, but an approximate solution is also
derived for practical convenience. The approximate solution has the same form of the well-
known empirical equation reported by Andreev; this shows the applicability of the solulien,
As for theoretical background, the breakage function assumed here does not always agree
with the experimental forms of breakage function reported hy several investigators. However,

judging from difficulty of the measurement, it is concluded that those experimental results _

cannot invalidate the assumption.
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C; FUNCTION G (ALPH; Z)

C; =F (ALPH, 2.0;Z)/EXP(Z)
G=EXP(—2)
AG=G
[=1

6;AT=1—1
PI=1
I=I41 ]
AG=AGx(ALPH+AD/(2.0+AD+Z/PI
G=CG+AG
CR=AG/G-1.0E—9
IF(CR)7,7,6

7:.G=G

C;QUTPUT=G

Fig. |

Example of computer program of the
function G (¢;Z2) :
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Table 1 Calculated particle size distributions
after short periods of grinding
The original size range is from 2798 to 1981

microns (7-9 mesh). The breakage function
is to be backcaleulated from the data.

particle size | Kt=0.000052"1 | Kt=0. 0000142
mesh s Ri%) 4R(%> | R(%) 4R(%)
8 2362 | 47.93 47.33 | 42.09 42,09
g 1981 | 90.58 43,25 | 82,31 40.22
10 1651 | 92.61 2.03 | 85.74  3.43
12 1397 | 93.90 1.20 | 88.15  2.41
14 1168 | 95.06 1,156 | 90,31  2.1§
15 g9l | 95,910 0.850 ; 91.98  1.65
20 833 | 96.863 0.653 | 93.42  1.48
24 701 | 97.276 0.613 | 94,61 1,19
28 B89 | 97.782 0.506 | 95,60 0.9
32 495 | 98,195 0.413 | 96.40 0.8
35 417 | 08.527 0.332 | 07.088 0.658
42 350 | 98,800 0.273 | 97.588 0.540
48 295 | 99,024 0,294 | 98.044 0. 445
60 246 | 99.214 0.190 | 98.422 (.378
66 208 | 99.356 0.142 | 98,706 0.284
80 175 | 99.476  0.120 | 98,947 0,241
100 147 | 99.575  0.099 | 99.144 0.197
115 124 | 99.653 0.078 | 96.301 0.157
mesh
1.0 A5 80 B0 42 32 24 16 12 9 7
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Fig. § Calculated breakage function from
Table 1
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Influence of the Total Volume of Silica Sands and Balls inserted
in a Mill on Variation of the Particle Size Distribution of Silica
Sands by Ball-Milling

G¥ EE* W HF

Nobuyoshi Kaneniwa Akiko Ikekawa

BT BB AT

Nebuko Nitta Hisako Iizimé

Abstract

Various amounts of silica sands of the vparticle size between 11904 and 14104 were bhall-
milled in a ceramic mill containing various amounts of balls, and variation of the particle
size distribution of silica sands by ball-milling was investigated.

Tt was considered in all the cases investigated thai it became more difficult to:obiain
the particles below 454 with a decrease of the vparticle size. When the ratio of the apparent
volume of the balls to the capacity of a mill, Ju, was extremely large and the ratio of the
apparent volume of silica sands to the capacity of a mill, Js, was small, the amount of the
particles between 454 and 5004 obtained by ball-milling was little, )

At the first stage of ball-milling, the rate for the original particles 1o be crushed into

the particles below 1190x was small, when the apparent volume of silica sands was larger .

than the space between balls. When J. was constant, the rate incressed with an increase of
J» and reached maximum in case of Jp, of 0,65.

At the first stage of ball-milling, formation of fine particles was a little remarkable,
when the apparent volume of the silica sands was larger than the space between balls, or
when Js was éxtremely small. Formation of fine particles was also temarkable, when J»
was large enotgh to prevent the balls from free motion.

- The ratio of the rate for the small particles to be crushed to the rate for the large
particles was larger than 1:0 and became larger. with the lapse of the ball-milling time.
This fendency seemed to be a little remarkable when Js was small. When Jp was approx-
imately 0.65, this tendency was remarkable and the rate for the particles to be crushed
wasg the largest.

When Ju was constant, the rate of an increass of the surface area of silica sands by
ball-milling was independent of J,, When J. was constant, the rate was large .in case of Jp
beiween 0.4 and 0. 65.
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Table 1

The Numerical Yalues of o and kx (Jb=0.408)

I. 0.028 Ts 0.042
t{min) Particle size (u) o Ky t{min) Particle size (1) o ky
2 1600<x’ 0.77 2 AB<Tx! 0.81 | L.7x10°%
2007 %/ <C1500 0.50 1B/ <45 2.1
40<Cx'<] 200 1.1 9.0%x107% ,
A5 <C1T0 0.73 | 4.8x107%
4 1600’ 0.74 15<x!< 45 0.4
200<Cx/ <1500 0.51
45K 200 1o | texigt| 7 B0’ 0.66. | 1.3x10°¢
15<X'<, 45 .| 3.3 15’ 50 2.4
7 1500£X’ 0,74 10 IIOSX’ 0,55
60<Tx'<C 200 0.98 | 3.7x107 1555's 45 2.8
'
15=x'<C 60 1.6 15 180<x! 0.55
10 1500 % 0.48 45X 18D 0.76 | 2.1x10°3
200=Cx/<01500 0.43 160x/<C 45 2.3
¥ -
55£X’£ 200 1.2 1,9%10 20 f60<x" 0.53
15<x'< 55 2.0 A< K60 0.80 | 1.8x10-
20 1500<Cx” 0,62 15X 45 21 -
200<Cx’ <1500 0.37 '
A5 200 0.86 | t.7x10°®
B/ 45 1.1
Ts 0.063 Ts £.098
[{min) Particle size(s) o kx t(min) Particle size (u) o« kx
2 450! 0.70 | 4.6x107* 5 BO<x’ 0.79 | t.2xic*
AB<Tx! <450 1.3 1.3X10°% 3560 4.7
15X/ 4B 2.3
4 B5<x’ 0.79 | 2.1x10-¢
4 450! 0,78 | 5.8x107* 20 %! <EB 3.1
40! <450 1.2 9. 7X 1075
10<x/ <45 2.2
7 200<x 0.68 | 1.2x10-%
AO<CRI <00 1.5 | zaxips| 10 6x 0.76 | 5.3x107
zogxrg 40 ’ 3.5 4£X’£45 2.0
< . . .
FBXI00 1.5 | 1.8x10°% 15<x'<40 2.1
z
1BxI< 85 2.2 20 A5<x 0.76 | 7.4X10-%
20 208’ 0.67 | 2.5x10° 1p<x/<ds Lo
6=Ix" <200 0.84 | 1.1x10-
~ 14 — % e



Je (. 140 Ts 0.210
t{min) Particle size(w) o kx t(min) Particle size(a) o kx
' 2 210<x! 0.88 | 6.5x10°5 2 400<x’ 0.94 | 2.9x1078
' TBIx' < 210 1.6 300K/ <400 2.1
3BLHI< 5 5.1 80<T%' <2300 0.96
15 60 4,2
4 300<Cx 0,99 | 4.6x10°°
BR<Cx/< 300 1.5 4 300<x’ 0.87 | 9.5%x10°8
W', 58 2.6 90=Cx' <300 1.7
_ BE<Ix<C 90 0.94
; 7 200<x” 0.83 | 2.5x10°% 15X/ 55 41
100<%/<C 200 1.2
5 45T 100 2.1 7 300<x! 0.95 | 5.3%10°%
15=x'< 45 2.8 180<C /<300 1.5
: 40! <180 L1
10 1800<x" 0.84 | 2.5%107* © sew< 40 A0
A5 <C1800 1.2
0L 45 3.8 10 200<"x" 0.94 | 85x10°5
140<x/ <2200 2.5
20 300<x! 0.83 | 5.3%10°% B0 <140 L1
40<Tx'<C 300 1.1 15<x< 50 9.3
10<x'<C 40 1.7
20 200<7x 0.01 | 2.1x10*
80200 17
46X 80 0.74
15<Cx/<C 46 9.1
Je 0,280
t(min) Particle size{u) « kx
a log{—logR)} Scale ) J=0,028
2 60<x/ 0.90 1,92 1075 "| Ball—milling time  Jz==0.408 /=4
300x/ <60 2.9 1 2minutes ey =
0.7943F e
4 180<x’ 0.85 | 4.6x1073 gl
45:<x/<130 0.81 Sel
15X/ 45 3.1 0.9772r ,f:("
7 130/ 0.88 | 4.2x10°5| v
' 45T/ <180 0.78 9.9977 /
B<K'<C 45 3.1 f’
10 160 0.90 | 6.2x10°8 0.95977
45CRI<IB0 0.74
15<Cx’<45 1.9 0.99908}
20 140=Zx’ 0.81 | 2.5%10"4
AB<TX! <140 0.81 0,999698 ‘ , . .
I5cx'e 45 g 1 10 100 10060 10000
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Table ? Numerical Values of £ (Ju=0.408)

X%;) 0.028| 0.042| 0.063| 0.098 0.14 | 0.21| 0.28
1190 | 0.370| 0.572| 0,556( 0.595] 0.682] 0.720| 0,668
1000 | 0.483 0,629| 0.630| 0.651| 0,785 C.890| .06
840 | 0.547 0,668 0,625 0.667 0.795| 0. 895| 1,08
710 | 0.450, 0.783) 0.630| 0.611| 0.780| 0.839| 1,06
590 | 0.563) 0,799 0.608| 0.860| 0,787 0.833 1,11
500 | 0.514| 0.747] C.510| 0.668| 0.760| 0.805 1.16
420 | 0.580( 0.821) 0,645 0.644| 0,753 0.810 1,16
350 | C.595| 0.876 0.660] 0.603 0.750] 0.820/ 1,21
297 | 0.638] 0,910 0.684] 0,603 0,777 0.818 1.18
950 | 0.644) 0.918 0.725 0,627 0.752] 0.895(1.14
210 | 0.675! 0.924 0.828) €. 650] 0.756| 0.960[ 1,17
177 | 0.756) 1.01 | 0.878 6. 667 0.798] 0.962(1.25
149 | 0.716| 1.04 | 0.875 0.715, 0.755| 0.758( 1.21
125 | 0,740/ 1,09 | 0.878] 0.660| 0,733 1.10 | 1.03
105 | 0,837 1.16 | D.892| 0.595( 0.830{ 1.05 | 1,03
88 | 0.836 1.09 | 1.15 | 0.660| 0.887| 0.860| 1.00
74 | 0.644) 1,08 | 1.17 | 0,669/ 0,925/ 0.929| C. 988
63 | 0.774) 1,15 | 1.37 | 0.876| 1,01 | 0.946] C. 974
53 | 0.870) 1.15 | 1.40 | 0.837| 1.43 | 0,958 1,02
44 [ 1,05 |1.24 | 1.36 | 1.01 | 1.58 | 1.19 | 0,980
401,37 [1.23 | 1.89 | 1.15 | 1.93 | 1.43 | 1.25
35 [ 148 | 1.22 | 218 | 1.12 | 2.02 | 1.58 | 1.37
20 | 1.61 [1.26 | 2,509 [ 1.84 [ 2.11 | 1,78 {1.48
25 | 1,77 [ L2l | 2,21 | 1,06 | 2,13 | 1.90 | 1.61
20|2.00 1,16 | 3.95 | 0.018 2.18 | 1.86
15 1.18 | .54 | 0,500 1,97 |1.45
10 1.38 | 3.62 | 0,892 1.92 |1.80
8 1,35 | 3.95 .81 [1.43
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Table 3 Numerical Values of re (Je=0.408)
Ball-milling time

x(p) 2min | 4min | 7min | 10min | 20min
1190 | 0.52 | 0.45-| 0.88 | 0.30 | 0.19
1000 | ©.67 | G.B2 | 0.41 | 0.40 | 0.32
840 | 0.70 | 0.55 | 0.47 | 0.48 ! 0.32
710 | 0.7t | 0.62 | 0.5 | 0.80 | 0.42
590 | 0.79 | 0.72 | 0.68 | 0.54 | 0.60
500 | 0.76 | 0.76 | 0.68 | 0.77 | 0.68
420 | 0.93 | 0.82 | 0.83 | 0.85 | 0.74
350 | 001 | 0.84 | 0.8 | 0.8 | 0.77
297 | 1.06 | 0,97 | 0.92 | 0.97 | 0.83
250 LO7 { 0.97 | 0.98 | 1.03 | 0,94
210 | 1,15 | 0,98 | 1.08 | 1.11 | 0.95
177 | 112 | 1.02 | 1.01 | 0.94 | 0.04
49 | 1,14 | 1,14 | 1.18 | 1.13 | 1.10
125 1.06 | 108 | 1,13 | 1.18 | 1.12
105 1.04 | 1.18 | .26 | 1.28 | 1.20
88 | 1.01 | 115 | 1.32 | 1.44 | 1.28
74 | 1.06 | 1.21. | 1.29 | 1.33 | 1.28
63 | 1.28 | 1.82 | 1.27 | l.g2 | 1.28
53 | 1.84 | 1.33 | 1.31 | 1.33 | 1,35
44 | 1.13 | 1.38 | 1.33 | 1.27 | 1.27
40 | 1.89 | 1.48 | 1.48 | 1.48 | 1.8l
35 1.36 | 1.54 | 1.54 | 1.48 | 1.34
30 1.55 | 1,51 | 1.48 | 1.59 | 1.39
25 | 1.74 | 160 | 1.80 | i.62 | 1.38
20 1.87 | 1.82 | 1.88 | 1.39 | 1.73
15 | 1.82 | 1.84 | 1.66 | 1.66 | 1.72
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Table 4 The Numerical Values of o and kx (Ja=0.14)

Jo 0.167 To _ 0,238
Ball-milling| Particle size | e Ball~milling| ™ Particle size . i
time(min) (i) * time(min) | - () _ il
2 1600<x<3400 | 0.78 2 240k 0.58 | 1.4X107%
200<Ix<C1600 | 0.56 1,0%107% BA<CX<C240 0.79
140<x<C 200 | 2.8 x< 54 |14 ‘
SOx 140 0.82 6 3B0<x 0.79 | 5.8x10°
} X< 80 - B6<Cx<C360 | L1
6 52000 - | 0.83 | 2.8X1075 - X< 56 86 |
*< 58 | B 13 390<x 0.72 | 2.1x10°
13 BACRACOD | 0.83 | 4.6x10-° 48<Cx<C300 1.3 ;
x£ B4 | 6.3 : il 48 4.8 ‘
23 B6<x 0.86 5.8x 105 23 30<x 0.54 | 3.0x107*
x< 56 | 6.6 C 4B<x<340 0.0
38 BT<x 0.87 | 7.4x10° x< 46 | 5.0
< 57 | 5.8 28 240<Cx 0.67 8.8x107*
58 e 0.91 | 1.0x107¢ PSXS240 | 18
x< 52 | 5.3 X< B4 2.9
58 280<x 0.74 | 7.4x107%
54<X<C230 1.5
X< 54 2.8
To _ 0.328 Ja _ 0.489
Ball-milling|. Particle size o Kk Ball-milling] Parlicle size @ k
time{min) () x time (min) () x
2 1540<Cx 1.1 2 AR 0.8L | 7.4x10°%
165<x<C1540 | 0.43 | - 8,7xi0~* x<] 74 4.0
S6<xs 165 | 1.0 5 100<x 0.80 | 1.1x10*
X< 56| 8.6 IBEI0 | 2.5
6 Ne<x 0.85 | 7.8%10°5 _‘ %< 46 3.0
6<x< 12 | 1.4 ' 13 147<x 0.85 | 3.0x104
=< 56 | 6.6 x<147 -
. 4 .
18 350<x 0.85 | 1 1.5x10 03 154<Cx 0,79 | 8.3x10°%
48<Cx<C 850 | 1.2 <154 L8
3L 48 2.8 ) .
T o : 38 ©152<x 0.72 | 2.5x10-%
28 14<x | 079 | s.oxi0t X152 L3
B3<Cx<C 114 | 1.8 _ L
x< 53 | 3.5 58 156<Cx 0.60 | 5.5x10
x<156 1.2
38 146<x 0.78 1 7.Ax10
x<< 146 | 1.9
58 152<x C.73 7.5% 107
x<L 152 1.3
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T B X NS 0,815
Ball-milling] Particle size Ball-milling| Particle size
time(min} ) - . @ ks time{min) () _ o kx
2 78X 0.75 | 1.5x10-* 9 66X 0.65 | 2.1X107%
x<l 78 4.5 X< 66 | 7.1
6 83<x 0.87 1,2X1074 6 118<x 0.87 | 1.1x10%
‘x< 88 4.5 5E<C¥<118 1.5
13 130<Cx 0.93 | L7x10- X< 55 6.3
%< 120 2.1 13 168<x 0.97 8.3x 1078
23 160<x 0.91 | B8.5x10- 4B=x<168 2.0
x< 160 | 1.8 <46 | 385
38 443 0.85 | 1.1x10°° 28 s 0.96 | 15x107
x< 144 13 Bd=Tx<C120 2.1
‘ : . < 54 3.5
58 130<Cx 0.81 2,.4%10°8 A
%< 130 1.1 38 110=0x 0.91 2.8%10
1427%<0110 2.4
58 94 0.83 5. 3% 10-¢
14<Ix< 04 2.2

X8 EED 7 77V A v ORF ORI
S=Z{1Wi(6/ﬂs'xmi) L e (13)
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o TRE {aofe, x5 2800 BTFiiasl, ik
NCE, Je 45 0.5~0.6 R T (=logR) FkE
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Table § The Numerical Values of f{Js=0.14)

xioy | 0.167 | 0.238 | 0.328 | 0.480 | 0.652 | 0815
1160 | 0.474 | 0,855 | 0.679 | 0.833 | 0.773 | 0.474
1000 | 0.715 | 0.814{ 0.851 | 1.12 | 1.23 | 0,638
840 | 0,717 | 0.810 | 0896 | 1.18 |1.28 | 0.680
710 | 0,698 | 0.854 | 0.892 | 1,29 | 1.35 | 0.680
500 | 0,678 | 0.842 | 0,960 | 1.30 | 1.42 | 0.650
500 | 0.797 [ 0.817 | G.998 | 1.30 | 1,40 { 0.627
420 | 0.807 | 0,779 | 1,03 | 1.82 | 1.43 | 0.597
350} 0.841 1 0.860 [ 1.07 | 1.27 |1,44 | 0.504
297 | 0.830 | 0.863 | 1.08 | 1.38 | 1.48 ‘| 0.655
250 | 0.77% | 0.835 | 1.10 | 1.46 | 1.48 | 0.657
210 | 0.760 | 0.880 | 1.22 | 1.38 | 1.54 | 0.675
177 1 0.880 | 0.927 | 1.27 | 1.39. | 1.62 | 0.675
149 | 0,773 { 0,025 | 1.27 7| 1.48 | 1.61 |0.798
195 | 0.726 | 0.884 | 1.28 | 1.62 | 1.73 |0.930
105 | 0,683 { 0.846 | 1.38 | 1.69, |1.79 | 0.885
88| 0.645 | 0.850 | 1.57 |1.80 | 2.06 |1.04
740,600 | 0.983 1 1.65 | 1.04 | 2,15 | 1.05
63| 0,567 | 0.778 | .72 | 1.88 | 2.18 | 1.13
53 0,700 | 0.837 | 1.76 11.90 |2.19 |1.18
44| 0,830 | 0.780 | .81 | 1.82 | 1.86 | 1.25
400977 [1.23 | 2.46 [ 2.07 |2.26 |1.58
35 11,54 | 1.49 |2.83 |2.15 |2.40 | 1.7
se| 173 {212 |3.30 |2.41 | 258 |1.78
25 2.32 | 8.88 |2.55 | 2,75 |2.14
20 3,24 2,61 | 2.92. 2,41
15 12.65 |3.11
10 2,76 | 2.96
8 2.8% | 2.81
6 9.16 | 2.78
log (-~log R ) Scale
. Ball--milling time
0.100} //ﬁ\\\k (min)
58
oo
0.7943
0.9772 J .
0.10 0.32 1.0
.. Ju :
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Table § The Numerical Values of 75 and 7Tso

(Js =0, 14)
7o
Ball-milling time

x(#) | 2min | §min [13min|23 mini38min/58min| 7o
1190 { 1,06 | 1,10 | 1.16 | 1.45 | 1.59 | 1.82 | 1.0
1000 | 1.33 | 1,51 | .74 | 1.80 | 2.12 | 2.14 [ 1.1
840 | 1.46 | 1.50 | 1.67 | 1.82 | 2.02 | 2.45 | 1.0
710 | 1,28 | 1,47 | 1.66 | 1.09 | 1,07 | 2.50 ;1.1
590 [ 1.80 | 1.48 | 1.74 | 1.97 | 2,16 | 2.40 [ 1.1
BOO | 182 | 1,451 1.73 | 1.92 | 2.21 | 2.85 | 1.1
420 [ 1.82 | 1,51 | 1.83 | 1.96 | 2,36 | 2.43 | 1.1
350 [ 1.00 | 1.49 | 1.79 | 1.93 | 2.41 | 2.54 [1.0
297 [1.30 | 1.49 | 1.85 | 2.06 | 2.87 | 2.40 | 1.1
250 | 1.24 | 1.66 | 1.69 | 2.07 | 2.62 | 2.70 | 1.1
210 1.70 | 1.82 | 2.00 | 2.50 | 2.70 | 1.1
177 1,60 [ 1.81 ] 2.10 | 2.55 | 2.77 | 1.0
148 1.27 [ 1.67 | 1.76 | 2.54 | 2.66 | 0,69
125 1.42 | 1.47 | 1.97 | 2.71 | 2.92 | 0.68
105 1.33 | 1.44 | 2.03 1 2.36 | 2.77 | 0.86
83 1.06 | 1.87 | 2.84 | 4.30 | 8.14 | 0.49
74 1,03 | 1.18]2.38 | 3.26 | 3.63 | 0.32

83 0,98 [1.03[8.43 | 3.48 | 3.48

53| - |1.08]|0.92(2.703.40}3.30

44 11,27 | 0.86 | 1.06{2.10 | 3.25 | 3.30

40 12,21 | 1.66 [ 2.82 | 4.16 | 4.26 | 4.14

35| 2,42 | 2.44| 2,22 | 3,98 | 4,14 | 4.34

7o : The value of 7y for silica sands ball-milled
for one mintite obtained by exitapolating
the straight line of the logarithmic plot of
(—log R) versus Jp
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Table T The Numerical Values of & and ky (J4==0.028)

Tb : 0. 167 Tn | 0.238
t(min) | Particle size(u) a | Tty t(min} Pér"tik:_]_e size(s) o Ex
: 2 100=%" 0.60 | 7.4x10- 2 1800<Cx 1.1
: 45Cx'<C 160 1.7 250 %/ <C1800 0. 68
i X< 46 3.2 MUESX'< 250 1.9 .
i 4 1500<x’ 0.97 il?éié 133 gi 28 T80

470<Tx/<1500 0.38
BO<Cx’ < 470 0.80 3.2x10-% 4 1500<x’ 0.94
16=x'< 50 3.6 i&zo%x:élsoo 0,44

BC®< 250 3.0
7 1500<C% . 0.8 45<x'< 145 0.70 2.4x10-%
480 x/<C1E00 0. 42 Ui<x'< 45 4.4
45=Tx/<C 480 0,83 3.8X10¢
x'< 45 4.6 7 . 1500<x/ 0.86
. 200< 3/ <1500 0. 52
10 1500 %/ 0.80 ORC X< 200 2.2

4B0<C %/ <1500 0,42 ‘ 45<x'< 05 0.92 2.3xX104
B6<x/< 450 0,87 3. TX 104 0<x'< 45 | 2.2
5 66 0.55 -

®'< 45 4.8 10 1500<C%’ 0.75
- 300=Cx/<C1500 0.50 _
15 1500<Cx 7, 89 95<Cw/<C 300 2.9

420<Cx%" <1500 0,42 4h<x'< o5 0.50 8.3x 104
BB<x’'<l 420 1.1 3,0% 10"t B<x'< 46 .6
45<x'< 68 0.39 .
0<x'<C 45 4,8 15 1600<Cx%" 0.89

. © AB0Z % <1500 .53
20 1500<x/ Sl 0,78 200 %' 450 0.92 _

380=C%/<C1500 0.53 88=<Cx/<C 200 2.0 T
88=x/< 380 0,85 4,8X% 10t ' 45X’ 88 0.30 9.2x1078
4% 68 0.37 x'< 45 2.1
e L 48 S

20 800<x’ 0.72
300=x'<C 800 1.3 :
45<x’< 300 0.58 1.0%10°3
1<’ 45 2.9
Jb . 0.328 Jb .. 0489
t(min} | Particle size{s) d kx t(min) Particle size(s) o kx
P 1500 %’ 1.2 2 250<Cx’ 1.1

135 % <1500 0.78 1.9%10°* 110<<x'< 250 0.81

2T/ 135 3.6 4-5§x:§ 110 1.2 1.8%10-8
19X’ 45 4.2
4 300=x! 1.2

115<x/<C a00 0. 24 2.1x10-8 4 | 280<x’ 0.93 h

10<x"< 115 2.8 10X/ < 250 0.53 "
7 350K’ 1.1 fg_%é 1};5) 411 ; R X

116<x/< 350 0.17 .

LR 116 2.4 7 45<Cx! 0.91 20X 107
Bx< 14 | 0.61 3.5% 108 13<T%/< 45 2.7 !
18x'< 45 3.9 _

10 160<Cx 0.89 :
10 1800<Cx/ 1.0 A< %< 160 0,73 5.6 10

300<x/<C1800 1.5 ®< AT 3.8
03<Cx’<C 300 0.22 . : _
A%< 93 0.68 3,8%1078 15 140<C% 0.91
19w’ 45 L4 48%&:% 11;0 0.61 | 1.6%X10-?

15<x 3 3.1
15 1900<0%/ 1.2

2500/ <1800 1.4 20 1500<x’ 0.64
45<Cx/ < 250 0.18 3.8%107% 19003/ <71500 0.33
20=x'< 45 3.5 45gx:§ 120 ?.82 4.6X107°%

, X 5 1.5
20 130=x 1.1 :

©dbeix’<] 180 0.27 3.2X1078

19<x/< 45 4.9

24— w 2



Ts 0652 T | o815
t(min) Particle size(u) lv4 kx t{min) Particle size(ﬂ) ‘ o | kKx
2 500<Cx" 1.1 2 | Isoosx 1’3
250’ <C 500 1.8 b 220<x/<(1500 0,98 ‘
105<x’< 250 0.15 45X 900 | 0,42 4,5%10%
41<x"< 106 0,99 8.0X 1075 17<x'<C 45 3.1 A
16=x'< 41 3.3 o
, 1 8O0 1.5
4 500k : 9,99 : 250K/ 600 0.34 :
250<x"< 500 1.9 45<Cx'<C 250 0.08 4.6X107%
106<Cx’< 250 9,13 M<TH 45 2.9
45<Cx<T 105 0,85 2.5X10~¢ SR
15’ 45 - | 3.4 7 1800<% 1.1
BO0<CX/<1800 2.2
7 50K’ 0.84 3R0<TK' 800 0.68 | -
ZB0<x! < BOD 1,7 45<%/<C 880 0.11 | - 7.4x10-8
BE<x'< 250 0.33 8,2x10-8 15X 45 3.2 '
18<x’< 55 2.5 ‘
10 1900<Cx/ 1.3
10 800<Cx’ 0.83 730<C%/ <1900 2.1
240<7x"< 600 1.8 4B 730 0.0% 1,5% 102
45T/ 240 0.20 15X 1072 3<% 45 8.0
x'< 45 2.8
15 1800<Cx _ i.0
15 800<Cx 0,78 . TRO=x'<C1800 | 2.0 _ 1
280’ < 600 1.4 480<x"< 780 0,49 :
453! <C 230 0.13 4.5%10°2 SE'< 480 9,13 1,9%1072
18=x/<C 45 2.5 - x'< 58 2.9 :
20 250<"x! ©0.70 20 | 1000<x 1.2
45<Cx’ < 250 0,190 6. 1x 1077 800=<x'<1900 2.0 | ,
13<x'< 48 2.7 400="x'<C 800 0.33 : _
AB<TX' T 400 0.08 3, 8% 102
. < 45 2.8
Bhedd, B—-ARTARNKE WS Fig 150 5 310"
X S ARERNE LR, Tr==0. 652 DIBETE ¥ =4A5~050u Cor
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Table § The Numerical Values of 8 (J.=0.028)

Jo
x{(1) '

0.167 | 0.238 |0.328‘ 0,489 \o.saz | 0.815
1190 | 0.246 | 0.440 | 0.414 | ¢.545 | 0.810 | 0.895
1000 | 0,435 | 0.378 | 0.484 | 0.769 | 0.837 | 1.02
840 | 0. 440 | 6.674 | 0.835 | 0.993 | 0.960
710 | 0.428 | 0,645 | 0.806 | 1.07 | 1.0
590 | 0.416 0.650 | 0.801 | 1.09 | 1.10
500 | 0,498 1 0.640 | 0.848 [ 1,11 |1.25
420 | 0.396 | - 0.872 | 1.12 | 1.24
350 | 0.438 0.960 | 1.16 | 1.07
297 | 0.431 0.985 | 1.39 | 1.30
250 | 0.472 1.02 | 1.50 | 1.34
210 | 0.438 0.967 | 1.74 | 1.35
177 | 0.436 0.943 | 1.72 | 1.49
149 | 0.394 | 0. 647 0.820 | 1.80 | 1.32
125 | 0.2908 | 0,567 0.874 | 1.71 | 1.30
105 | 0,314 | 0.558 0,946 | 1.82 | 1,30
88 | 0.319 | 0.561 | 0.605 | 0.952 [ 1.76 |1.28
74 10,395 | 0.510 | 0.751 | 0.985 | 1.79 | I.31
62 | 0.400 | 0.568 | 1.01 | 1.12 | .80 | 1,30
53 | 0.461 [ 0.585 | 1.03 | 0,95 | 1.85 | 1,34
44 10,730 1 0.613 | 1.20 | 1.19 |1.88 | 1.33
40 | 0.716 [ 0.917 | 1.38 | 1.51 | 2.04 |1.64
350,910  0.920 | 1.43 |1.75 |2.14 | 1.76
3010.960 | 1.02 |1.24 |1.75 228 | 1.65
25 | 0.809 | 0.800 | 0.828 | 1.82 | 2.44 | 1.75
20 [ 1.08 | 1.08 |0.560 | 1.99 | 2,71 | 1.81
15| 1.25 | 1.5 | 0.455 | 1.74 | 2.66 | 1.57
10 | 0.864 0.342 | 1.85 | 1.85 | 1.38
8 | 0.815 0.352 | 1.84 | 2.45 | 1.40

fog (—JogR) Scale

Ball—milling time
0.100f 20min
10min
0..398F
(21
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0.10 0.32 1.0

Jy
J.=0.028 ,x =11904

Fig. 1T Influence of Jo on R
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On the Residen.bé Time Distribution of Particles in a
Laboratory Continuous Wet Ball Mill

HMH  EE* AH ge¥
Yoshiho Tomida Hajime Ohta
e w4 A5 ?‘%%’IE*

Toshio Inoue Teunemasa Imaizumi

Abgtract

A mathematical model of the continuous ball mill grinding operation can be established
by combining the residence time distribution function with the grinding functions. -As
regards the axial flow through thé mill, the diffusion type model is-generally accepted. The
purpose of this research was to identify the axial flow characteristics of the continnous ball
mills for specific sizes undér varlous operating conditions,  This is necessary because,
depending on the operating conditlons, the difference in the behaviour of particlgs with
different sizes in the contintous mills should significantly influence the efficiency of the
operation as well as the size distribution of the product, whereas it can nof be identified by
the conventional tracer technigues on zccount of the grmdlng action simultaneons with the
transport process through the mill, ' '

Quartz particles were ground in a continuous laboratory wet ball mill.  After steady
state conditions were reached the tracer (KCl or specifically sized allumintm particles) Wag

added to the feed end of the mill instan:taneous]y. Since the alluminum particles have the -

specific gravity very close to that of quartz particles to be grou.nd_ a_md are not breakakble in
the mill, residence time characteristics could be estimated 'indepéndently of the gfihding
phenomena,

Impulse response tests were conducted under various condltlons Calculated residence
time distribution function F(¢), indicial response function F(qﬁ) and residence time function
F’{¢) were obtained as exemplified in Figs. 2 through 5 and Figs. § and 10. Standard
deviation o and mixing coeffient D were calculated and the in’zénsity of mixing within the
mill was estimated quantitatively as shown in Table 2 and Flgs 6 through 8

The results obtained summatizes as follows ’

(1) The residence time distribution in the wet ball mill ean be closely represented by
the logarithmic normal distribution.
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(2) Simpler description of the flow characteristics in the wet ball miil can be made by

regarding the systems as a setial combination of dead time and perfect mizing.
() So far the influence of various operating conditions of the mill on the residence

time function has not been established.
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Table | Experimental conditions

' Sdids dénsity | Mean residence| 117 ]
. Water Quartz g ; Hold-up ; Mill speed
Test No. (mi/min] | (/min] ‘ % ; Cicg) t%?n%n%l‘ Crpm] Tracer
(1) 65 0.76 11.69 70 KCl
{2) 70 0.76 10.86 70 Kl
(3} 82 0.76 9,27 70 KCl
() .0 0.76 8. 44 70 KCL
(5 52 0.74 14.23 80 RCl
{6) 55 23 29.5 0.91 11.62 80 KCl
7 52 62 5.4 113 | 10.06 80 KCl
(8 53 118 69. 4 0.92 5.37 80 K<l
(9a) : Al 2. 0mum
52 52.4 50.2 1.48 15.38 80 "
(o) Al 1, 0mm
(10a) ) Al 2,0mm
_ 52 56.2 52.4 1.48 16, 54 80 —
(1oc) ‘ ‘ Al 1. 0mm
(11a) Al'2,0mm
52 48.8 48.1 1.46 19.27 80 -
(11b) L Al 1.0mm
(12a) 7 Al 2, 0mm
(12h) 4.1 45.9 51.2 1,17 13.01 80 Al 1, 0mm
(12¢). Al 0.5mm
{13a) Al 2. omm
(13h) Al 1, bmm
(13e)y | 5.7 37,1 30.49 1.23 16,9 80 Al 0,5mm
(13d) Al 0.4mm
(13f) Al 0. 1mm
(140) Al 0.5mm
52 44.4 48.1 1.47 19,23 80
(146} : Al 0.3mm
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No Ot g E 7 ty uw D PeB
(min) (=) {min) (min) {min) (cm/min} (cm?/min) (=
1 11.96 0. 4041 2.99 7.1 10,95 1.8%5 25.16 1,451
2| 10,88 0. 4559 . 2.83 7.0 12.14 | 1.646 33.12 .| 0.994
3 9,27 0. 4087 2,54 6.15 9.58 2.088 29.76 1.403
4 8.44 . 0. 3805 2, 44 5,48 8.21 2.413 30,82 1.592
5 14.23 0.6102 1,13 8.15 21,87 0,914 55,84 "0.222
6 11,62 0.4224 .3.18 8.20 13,16 1.520 28. 96 1,269
7 1. 06 0, 4096 2.64 .42 10.01 1.998 o865 1,305
8 5.37 0. 3198 3.17 ¢ 5.45 7.15 2,799 20,15 2,778
9a 15,38 0.5184 2.08 . 12.8 28,09 . 0. 766 24,21 0,633
10a 16.54 0. 5086 3.13 12.2 24.09 0.830 24,07 0. 689
iz 19.27 0.4514 4.11 12,1 20, 76 0.963 18.75 S 1087
122 13,00 0. 4624 3.81 10,8 18. 16 1.101 23,24 0,948
13a 16.90 | 0.5345 3.08 13,9 29.64 0,675 23.95 0,564
gh 15.38 0. 4953 3,32 12.2 23. 38 0. 856 22.86: E 0. 779
10h 16,54 0. 44¢8 4,11 12.0 20. 52 0,975 18.75 1.040°
11b 19.27 0. 4679 4,97 15.3 27.33 0.173 16,04 0. 912
12 13.00 0. 4542 4,87 14.0 24,18 0,827 16.43 1. 007
186G 16.9 0. 5824 3,23 19.5 47.91 0,417 21,04 0. 304
e | 19.23 | 0.5331 5.48 15.7 33.35 0. 601 21.07 {1, 570
15d 16,90 0.5382 2.39 11.0 93,57 0.848 31,49 0,556,
e | 19.23 | 0.5256 2.45 ,10.6 22.04 0. 904 30,19 0.599
iaf 16.90 0.5768 2,06 12.0 28.98 0. 691 33,38 0. 414
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Mixing of Pharmaceutical Powders Examined by Use of Colored
Particles : Discussions on Coloration Difference
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Abatract

A three-componental mixing of antipyrine, lactose and lactose colored with pigment
{tracer powder of antipyrine) in the twin-shell mixer was carried out in order to invest{gate
the relationship hetween the mixedness of active ingredient (antipyrine) and uneven colora-
Hon of mixture. The color of mixture was measured by colorimetric method using the Lab

" system and, color differences between samples and these complete mixture were calculated

with Hunter's color difference formula. A new mixing index, eqn. (§) based on color diffe-
rence was proposed and it could be used as the criterion for complete mixing of the active
ingredient. Good correlations between the behavior of active ingredient and tracer powder
in the earlier stages of mixing were recognized by separate determination of antipyrine and
pigment,
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Table 1 Characteristics of Sample Powders used

Materials Antipyrin Tracer 5. D. Lactose

Mesh size 65/100 —~100 —~100

Mean particle size (u)®) 84 a1 19

Specific surface area (cm?2/g)b’ T : 1826 1097

Density (g/cm8)e} i.251 1,528 1. 526

Bulk density (g/cm%)4) 0,600 0.548 0. 418,

Repose angle (degres)o’ 48.5 49,6 58.8
a,h) measured by air permeabﬂity method

¢) measured by Beckmann air comparison pycnometer

d) measured according to JIS Z 2504-1966

e) Table diameter=28cm, Dropping height=9cm
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Table ¢ Colorimetric Data of Lactose, Tracer Powder and Complete Mixture containing

124 of Tracer

L g b Hunter brightness
Lactose 99.33 0 (R 9.3
Tracer 55,01 60.13 —16.28 23.2 .
Complete mixture 04,89 6.29 —3.57 81.1

Cell diameter: 30 mm, Measuring condition: 45-0F
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Monte Carlo Simulation of Solids Mixing Process
with Segregation due to the Difference in Solids Density
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Keijiro Terashita Hiroyuki Chifuku

Abstract

Solids mixing process showing segregation phenomena due to the difference in solid
particle densities is simulated by two mathematical models, which can be computed Ly Monte
Garlo method.  Based on simulated results, discussions are made for the way to mix well in
segregated process. - "

One model (Model I) for the process in which the direction of gravity force acting on
particle layer does not alter while mixing proceeds, and the other model (Model II) for the
process in which the direction alters in every half tumblmg of the mixer are proposed and
directly simulated by random numbers generated in digital computer

The ratio of particle densities Rs and the lowest value of final degree of mixedness
Meo, 0 are found to be correlated by the expression Mo, o==1.0-0.4 log Rq, for both Model
I and . Segregation due to the different densities should be limited by this M, 0.

It can be said that, in order to mix well the particles having the tendency to segregate
due to the difference in densities, mixers should be so designed as to subdue the mixing
parallel to the direction of gravity force, while the mixing of horizontal direction to gravity
force is kept vigorous, and that mixers having Model T process are less influenced by the
difference in densities than the Model I type mixers.
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